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Constrained-Target Band Selection for
Multiple-Target Detection

Yulei Wang, Lin Wang, Chunyan Yu , Member, IEEE, Enyu Zhao, Meiping Song,
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Abstract— This paper develops a new approach to band
selection for multiple-target detection, called constrained-target
band selection (CTBS). Its idea is derived from the concept of
constrained energy minimization (CEM) by constraining a target
of interest, while minimizing the variance resulting from the
background (BKG). By taking advantage of CEM, the variance
produced by a target of interest can be further used as a
measure of prioritizing bands as well as a means of selecting
bands for this particular target. As a result, two CTBS-based
band prioritization (BP) criteria, called minimal variance-based
BP (MinV-BP) and maximal variance-based BP (MaxV-BP), and
two CTBS-based BS methods, called sequential forward CTBS
(SF-CTBS) and sequential backward CTBS (SB-CTBS), can be
derived for multiple-target detection. Since the bands selected
by CTBS vary with targets of interest used to constrain CEM,
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in order for CTBS to be applied to multiple targets, a new fusion
technique, called band fusion selection (BFS), is further developed
for CTBS to integrate bands selected by different targets so that
CTBS can work for all targets. Unlike most BS methods for
target detection which generally simultaneously select a fixed
set of bands for all targets of interest, the ideas of constraining
multiple-target detection and using BFS are novelty of this paper.
Experimental results show that CTBS performs well for multiple-
target detection.

Index Terms— Band fusion selection (BFS), band prioritiza-
tion (BP), band selection (BS), constrained energy minimization
(CEM), constrained-target band selection (CTBS), virtual dimen-
sionality (VD).

I. INTRODUCTION

BAND selection (BS) has received considerable interests
in recent years [1]–[18] and will continue to be a major

area in the future hyperspectral data exploration. Technically
speaking, BS can be performed in either a supervised or an
unsupervised fashion. Regarding supervised BS, it generally
requires certain prior knowledge such as training samples,
specific applications. As for unsupervised BS, there is no
a priori knowledge available to be used for BS. In this case,
BS has no direct link to any specific application and must rely
on data characteristics and statistics [2], [3]. On the other hand,
BS can also be implemented by band prioritization (BP) which
selects band according to priorities ranked by a BP criterion
[2], [3] or by a searching strategy which designs algorithms
to search for bands either one after another sequentially [8]
or band groups/clusters/subsets simultaneously [9]–[13].

This paper develops a rather new specific application-based
supervised BS approach, to be called constrained-target band
selection (CTBS) for multiple-target detection where only the
knowledge of targets of interest is assumed to be known a pri-
ori, and no other prior knowledge such as background (BKG)
information is required. Due to significant refined spectral
solution, hyperspectral imaging sensors can uncover many
subtle and unknown signal sources which are generally embed-
ded in BKG and cannot be identified by a priori knowl-
edge or visual inspection. Accordingly, how to deal with BKG
issue is very challenging and crucial to hyperspectral data
exploitation. This is clearly witnessed by hyperspectral image
classification where the BKG issue is generally not included in
evaluation of classification performance. Interestingly, to deal
with the BKG issue for classification a recent work in [19]
develops a one-class oriented approach which used cluster
space representation to model BKG as to achieve better
classification. Such one-class classification shares a similar
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idea with target detection where the class of interest to be
classified is considered as one hypothesis corresponding to
the desired signal to be detected versus BKG as an uninterest-
ing signal corresponding to another hypothesis to represent
noise. Compared to the one-class classification in [19] a
well-known subpixel target detector, called constrained energy
minimization (CEM) developed in [20]–[23], makes use of
sample correlation matrix R to suppress BKG rather than
modeling BKG which requires tuning several parameters that
have significant impact on classification. As a result, CEM is
much easily implemented than one-class classification since
it only needs the knowledge of the target of interest to be
detected and nothing else.

As a matter of fact, the development of CEM arose from
this need because it only requires the knowledge of the
target signature to be detected as the desired target signature
d, while suppressing all other signal sources, specifically,
including BKG signatures. Its idea is to design a target detector
specified by d using R−1, which is the inverse of the global
sample correlation matrix R = (1/N)

�N
i=1 ri rT

i formed by
all data sample vectors, {ri }N

i=1, to suppress unknown BKG

by minimizing the variance (dT R−1d)−1. It is believed that
CEM is one of a very few hyperspectral techniques that can
deal with the BKG issue effectively via R−1. Besides, since
BKG has so many unknown signal sources, each of which may
respond to various wavelengths, it is highly desirable to select
those bands that only correspond to targets of interest but have
no response to signal sources of no interest. This suggests
that CEM can be made more effective if not all full bands
are needed to process CEM. With this in mind, CEM was
previously used to design a new BS method, called constrained
band selection (CBS) in [5] which constrains a selected band
as a band of interest, bl , by replacing d with bl , while
minimizing the variance effect resulting from all other bands
as bands of no interest by replacing R = (1/N)

�N
i=1 ri rT

i
with Q̃�−{bl } = (1/L − 1)

�L
i=1,i �=l bi bT

i where L is the total
number of bands and bl is the lth band vector representing the
lth band image Bl . The resultant minimal variance derived
from CBS is given by (bT

l Q̃�−{bl }bl)
−1 which is used to

calculate priority scores to rank bands. So, basically, CBS can
be considered as a BP-based BS technique.

The proposed CTBS takes another twist from CBS to
develop a new CEM-based BS approach for a specific applica-
tion in target detection. Instead of following the idea of CBS
which constrains a band of interest, CTBS constrains a target
of interest, d. Due to their use of different constraints, bl for
CBS and d for CTBS, CBS and CTBS are derived from two
completely different rationales.

More specifically, assume that d is a target signature of
interest used to detect targets specified by d. For each single
band bl , we can calculate V(bl) = (dT

bl
R−1

bl
dbl )

−1 which can
be used as the priority score assigned to the lth band, bl

to rank the priority of bl . As a result, all the bands can be
prioritized according to increasing values of V(bl ). The smaller
the V(bl ), the more significant is the bl band. The criterion
using increasing values of V(bl ) as BP to rank bands is called
minimal variance-based BP (MinV-BP).

In contrast to MinV-BP, for each single band bl , we can
also remove bl from the full band set, � by replacing V(bl)
with V(� − bl) = (dT

�−{bl }R
−1
�−{bl }d�−{bl })−1. In this case,

the value of V(� − bl ) can also be used as the priority
score assigned to the lth band, bl to rank the priority of bl .
As a consequence, all the bands can be prioritized according
to decreasing values of V(� − bl ). In other words, as an
opposite to V(bl), the larger the V(�−bl ), the more significant
is the bl band. The criterion using decreasing values of
V(� − bl ) as BP to rank bands is called maximal variance-
based BP (MaxV-BP).

Interestingly, the two CTBS-based BP criteria defined above
can be further used as band searching criteria to develop their
own corresponding BS methods as follows.

Suppose that �BS is a set of bands already being selected
and {ri

�BS
}N
i=1 is the data set where each of data samples, ri

�BS
is the i th data sample vector using only bands in �BS. Then,
the sample correlation matrix using only selected bands in �BS
is formed by R�BS = (1/N)

�N
i=1 ri

�BS
(ri

�BS
)T . According to

MinV-BP, we can replace the single band-based V(bl) with
the band subset �BS-based V(�BS) = (dT

�BS
R−1

�BS
d�BS)

−1.
When the band subset �BS is augmented in a feed forward
manner by one band at a time sequentially, the resulting
BS method is called sequential forward CTBS (SF-CTBS).
Similarly, we can also replace V(�− bl) with V(�−�BS) =
(dT

�−�BS
R−1

�−�BS
d�−�BS )

−1 and augment selected bands by
one at a time sequentially in a backward manner to derive its
corresponding backward version, called sequential backward
CTBS (SB-CTBS).

In summary, there are two types of processes to implement
CTBS. One is to use CTBS as a BP criterion to select bands
one at a time sequentially. This gives rise to two versions of
BP-based CTBS, MinV-BP and MaxV-BP. The other is to use
CTBS as a searching strategy to select bands for BS in a feed
forward manner and a backward manner sequentially, which
also result in two versions, SF-CTBS and SB-CTBS.

Finally, it should be particularly noted that the design
rationale of CTBS is quite different from that proposed in
CBS [5]. Basically, CTBS deals with both target signatures
and bands of interest all together as an entity compared to
CBS which only focuses on bands of interest with nothing
else. This section concludes with an interesting comment.
Despite that there are recent reports on target detection-based
BS, either using sparse-based CEM (SCEM) [16] or using
maximum–submaximum ratio (MSR) criterion or correlation
coefficient (CC) as criteria with PSO used as a search strat-
egy [18] to find bands. They are all quite different from
the work presented in this paper in many ways. First of
all, we do not use data sparsity as SCEM or MSR/CC as
criteria to perform BS. Second, we use virtual dimensionality
(VD) [22] to determine the number of bands, while the
threshold t used for the sparse model in [16] and [18] and
the number of particles P in [18] were empirically chosen.
Third, the search algorithms used in this paper are completely
different from PSO in [18]. Finally, our BS is designed for
each of multiple targets and then fuse bands selected from each
target, whereas SCEM in [16] is designed to select bands for
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single target and target-constrained interference-minimization
filter (TCIMF) in [24] is designed to select bands for multiple
targets at the same time. These are crucial elements in this
paper which cannot be found in the existing literature.

II. CEM

Since CEM plays a key role in development of CTBS, this
section briefly reviews its concept as follows. It is derived from
linearly constrained minimum variance (LCMV) originally
proposed by Frost for adaptive beamforming [25].

Suppose that a hyperspectral image is represented by a
collection of image pixel vectors, denoted by {r1, r2, . . . , rN },
where ri = (ri1, ri2, . . . , ri L )T for 1 ≤ i ≤ N is an
L-dimensional pixel vector, N is the total number of pixels
in the image, and L is the total number of spectral bands.
Furthermore, assume that d = (d1, d2, . . . , dL)T is specified
by a desired signature of interest to be used for target detec-
tion. It should be noted that d does not have to be a data
sample vector and can be a spectral signature chosen from
a database or spectral library. The goal is to find a target
detector that can detect data samples specified by the desired
target signature d via a finite impulse response (FIR) linear
filter with L filter coefficients, {w1, w2, . . . , wL}, denoted
by an L-dimensional vector w = (w1, w2, . . . , wL)T which
minimizes the filter output energy subject to the constraint
dT w = wT d = 1. Let yi denote the output of the designed FIR
filter resulting from the input ri . Then, yi can be expressed by

yi =
L�

l=1

wlril = (w)T ri = rT
i w (1)

and the average energy of the filter output is given by

(1/N)

N�
i=1

y2
i = (1/N)

N�
i=1

�
rT

i w
�2

= wT

�
(1/N )

N�
i=1

ri rT
i

�
w = wT Rw (2)

where R = (1/N)
�N

i=1 ri rT
i is the sample autocorrelation

matrix of the image. The goal is to solve the following linearly
constrained optimization problem:

min
w

{wT Rw} s.t. dT w = wT d = 1 (3)

where wT Rw can be considered as either the variance result-
ing from signals not passing through the filter. The optimal
solution to (3) is shown in [20]–[23] to be

wCEM = (dT R−1d)−1R−1d (4)

and

min
w

wR−1w = (wCEM)T R−1wCEM = (dT R−1d)−1 (5)

which is the minimal variance resulting from unwanted signal
sources impinging upon an array of sensors [25], referred to
as CEM error. With the optimal weight, wCEM specified by

(4) a filter called CEM, denoted by δCEM(r) was derived [20]
as a target detector specified by

δCEM(r) = (wCEM)T r = (dT R−1d)−1(R−1d)T r. (6)

III. CEM-BASED CBS

Before deriving CTBS, it is worth describing how CBS
was developed by CEM. Let � = {Bl}L

l=1 be the set of all
band images in a hyperspectral image cube where L is the
total number of bands. Assume that the size of all the band
images is K × M . Each band image Bl can be represented
by a column vector of dimension KM, denoted by bl and
B� = [b1b2 . . . bL ] is the band matrix formed by all band
image vectors, {bl}L

l=1. Let wl be an KM-dimensional column
vector that is used to specify a FIR filter designed for the band
image vector bl and yl be the filter output specified by

yl = wT
l bl . (7)

The averaged least-squares filter output is given by

(1/L)

L�
l=1

y2
l = (1/L)

L�
l=1

�
wT

l bl
��

wT
l bl

�T = wT
l Qwl (8)

where Q = (1/L)
�L

l=1 blbT
l = (1/L)B�BT

� denote the band
image correlation matrix. Since CEM generally excludes the
band image bl from the band image correlation matrix Q,
we can further define Q̃ = (1(L − 1))

�L
j=1, j �=l b j bT

j as the
band image dependence matrix. Replacing Q in (8) with Q̃
results in a CBS problem

min
wl

�
wT

l Q̃wl
	

s.t. bT
l wl = 1. (9)

The solution to (9), w̃CBS
l is given by

w̃CBS
l = �

bT
l Q̃

−1
bl

�−1Q̃
−1

bl . (10)

According to (10), the LSE resulting from w̃CBS
l is

ρ̃l = �
w̃CBS

l

�T Q̃w̃CBS
l

= ��
bT

l Q̃
−1

bl
�−1Q̃

−1
bl

�T Q̃
�
bT

l Q̃
−1

bl
�−1Q̃

−1
bl

= �
bT

l Q̃
−1

bl
�−2bT

l Q̃
−1

bl = �
bT

l Q̃
−1

bl
�−1 (11)

which indicates the dependence of the band image bl on
all band images other than bl . The larger the ρ̃l , the more
dependent the band image bl on other band images, thus the
less significant the band. Therefore, {ρ̃l}L

l=1 can be used as
priority scores to rank all the bands in � = {Bl}L

l=1.

IV. CTBS

Assume that {bl}L
l=1 is a set of band images representing

a hyperspectral image cube where bl is the lth spectral band
represented by a column vector, bl = (bl1, bl2, . . . , blN )T and
{bli }N

i=1 is the set of all N pixels in the lth band image, bl .
By taking advantage of the CEM error derived from (5),

we can define the following new measure that can be used a
criterion for CTBS

V(�BS) = �
dT

�BS
R−1

�BS
d�BS

�−1 (12)
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which is the minimal variance specified by (2) using only
those bands in �BS. Most importantly, we can prove by the
following theorem:

{V(� j )}L
j=1 (13)

is in fact a monotonically decreasing sequence where � j =
{bl1 , bl2 , . . . , bl j } is any j -band subset containing j bands,
bl1 , bl2 , . . . , bl j .

Despite that V( �BS) in (12) and (bT
l Q̃

−1
bl)

−1 have similar
forms with d�BS and R�BS in (12) corresponding to bl and
Q̃ in (11), respectively, they are quite different in design
rationale. In particular, the former is specified by target signa-
ture d and sample correlation matrix as opposed to the latter
specified by a desired band bl and the band image correlation
matrix Q̃. The following theorem (Theorem 1) is crucial to
the development of CTBS. There is no such corresponding
theorem as a counterpart in CBS [5].

Theorem 1: Let � = {bl}L
l=1 be a full band set. For any

band subset �k = {bl j }k
j=1 ⊂ � and an arbitrary band image

vector bk+1 /∈ �k

1

dT
�k∪{bk+1}R

−1
�k∪{bk+1}d�k∪{bk+1}

<
1

d−1
�k

R−1
�k

d�k

. (14)

Proof: (See Appendix).
From (14), we can also show that

1

dT
�1

R−1
�1

d�1

<
1

dT
�2

R−1
�2

d�2

if �2 ⊂ �1 and �2 �= �1.

(15)

Let �1 = �2 ∪ {b j }p
j=1. Equation (15) can be proved by

implementing (14) p times repeatedly as follows:

1

dT
�1

R−1
�1

d�1

<
1

dT
�2∪{b1,...,bp−1}R

−1
�2∪{b1,...,bp−1}d�2∪{b1,...,bp−1}

< · · · <
1

dT
�2∪{b1} R−1

�2∪{b1}d�2∪{b1}
<

1

dT
�2

R−1
�2

d�2

. (16)

Furthermore, (14) also allows us to derive the following
inequalities:

1

dT
�1∪�2

R−1
�1∪�2

d�1∪�2

<
1

dT
�1

R−1
�1

d�1

and
1

dT
�1∪�2

R−1
�1∪�2

d�1∪�2

<
1

dT
�2

R−1
�2

d�2

. (17)

Of particular interest is the following inequality derived
in [26]:

1

dT
�R−1

� d�

<
1

dT
�̃

R−1
�̃

d�̃

(18)

which can be also shown to be a special case of (15) with �1
replaced by the full band set � and �2 replaced by �̃ which
is a proper subset of �.

Finally, by virtue of (14), it shows that {V(� j )}L
j=1 is indeed

a monotonically decreasing sequence.

V. BAND PRIORITIZATION BY CTBS

Since the sequence {V(� j )}L
j=1 is monotonically decreasing

according to (14), we can develop two types of BP criteria,
single band MinV-BP and leave-one-out MaxV-BP.

A. Single Band Minimum Variance Band
Prioritization by CTBS

According to (5), (dT R−1d)−1 is the variance resulting from
CEM which can be considered as the interfering effect caused
by signal sources including BKG signal sources which do not
pass through the CEM filter (3). This quantity is obtained by
full band set �, i.e., V(�) = (dT

�R−1
� d�)−1 = (dT R−1d)−1.

On the other hand, from (12), V(�BS) = (dT
bl

R−1
bl

dbl )
−1 is

calculated by using a single band bl with �BS = {bl}. So, for
each single band image bl , we calculate the variance

V(bl) = �
dT

bl
R−1

bl
dbl

�−1
. (19)

which can be used as a criterion to measure the variance
caused by data sample vectors not specified by d using only
one single band, bl . Consequently, the value of V(bl) can be
further used as a priority score of bl . With this interpretation,
a single band-based BP (SB-BP) criterion can be derived
to rank bands according to increasing values of V(bl) (19).
That is, the smaller the V(bl), the higher priority is the
l th band, bl . Since it ranks bands by starting the minimal
variance in (19) as its first selected band, it is called MinV-BP.
A detailed description of implementing MinV-BP is provided
in the following.

MinV-BP

1. Initial condition:
Let nBS be the number of bands needed to be selected,
which can be determined by a criterion such as virtual
dimensionality (VD) in [23, Chapter 17].
Find the first band by

bl1 = arg



min
bl∈�

V(bl)
�

(20)

2. Rank all bands for 1 ≤ l ≤ L according to {V(bl)}L
l=1

by (19)

bl j � blk ⇔ V(bl j ) < V(blk ) (21)

i.e., bl1 � bl2 � · · · � blL where the notation “�” is
used to indicate “superior to.”

3. The final set of selected bands is given by the first nBS
bands by {bl1 , bl2 , . . . , blnBS

}.

It is worth noting that Rbl is a scalar and so is R−1
bl

.
Interestingly, according to [27] Rbl should remove all data
sample vectors specified by dbl because the functionality of
R−1

bl
is to suppress the interfering effect caused by all data

sample vectors other than those specified by dbl . So, let �
be such data set excluding from data sample vectors specified
by dbl . We can define R̃bl = �

rbl ∈� r2
bl

and (sBKG
l )2 as the
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BKG energy given by (sBKG
l )2 = R̃bl . In this case, dT

bl
R̃

−1
bl

dbl

becomes the signal-to-background (SBR) ratio, i.e., SBRl =
dT

bl
R̃

−1
bl

dbl = (d2
bl

/((sBKG
l )2)). Consequently, the larger the

SBRl , the smaller is the (dT
bl

R̃
−1
bl

dbl )
−1. Since the size of

the data sample vectors specified by dbl is generally small,

R̃bl ≈ Rbl . In this case, V(bl) = (dT
bl

R−1
bl

dbl )
−1 in (19)

can also be represented by MinV(bl) = (dT
bl

R̃
−1
bl

dbl )
−1 =

(SBRl)
−1 which is the reciprocal of SBRl .

B. Leave-One-Out Maximum Variance
Band Prioritization by CTBS

As an alternative to MinV-BP, we can also replace the full
band set � in (5) with �BS = � − bl in (12) to derive

V(� − bl) = �
dT

�−{bl }R
−1
�−{bl }d�−{bl }

�−1
. (22)

Like (19) which is (SBRl)
−1 resulting from a single band

bl , (22) can also be considered as (SBR�−{bl })−1 resulting
from (L − 1) bands, � − {bl}. Its idea is to first remove any
single band, bl , from the full band set � and then to calculate
variance by (22). The band which yields the maximal variance
should be most significant one since its removal from � causes
the maximal variance. With this in mind, V(� − bl) in (22)
can be used as a priority score to rank bl for BP. That is,
the higher the V(� − bl), the more significant is the band bl .
As a result, all bands can be ranked by decreasing values of
V(� − bl) as opposed to MinV-BP which ranks all bands by
increasing values of V(bl) in (19). Because of that, it is called
MaxV-BP criterion. A detailed step-by-step implementation of
MaxV-BP is given as follows.

MaxV-BP

1. Initial condition:
Let nBS be the number of bands needed to be selected,
which can be determined by a criterion such as vir-
tual VD.

bl1 = arg{max
bl∈�

V(� − bl)} (23)

2. Rank all bands 1 ≤ l ≤ L according to {V(� − bl)}L
l=1

by (22)

bl j � blk ⇔ V(� − blk ) < V(� − bl j ) (24)

i.e., bl1 � bl2 � · · · � blL where the notation “�” is
used to indicate “superior to.”

3. The final set of selected bands is given by the first nBS
bands by {bl1, bl2 , . . . , blnBS

}.

VI. BAND SELECTION BY CTBS

In this section, the two CTBS-based BP criteria designed
in Section V are further used as search strategies to derive
their corresponding band selection algorithms, respectively,
described in Sections VI-A and VI-B.

A. Sequential Forward-CTBS

For each single band bl , we can replace the full band set
� used in the CEM-produced variance (dT R−1d)−1 = (dT

�

R−1
� d�)−1 with the single band bl to become (dT

bl
R−1

bl
dbl )

−1

which can be used as the priority score assigned to the lth
band, bl to rank the priority of bl . As a result, the band,
which yields the minimal variance

b∗
l1 = arg



min
bl∈�

V(bl)
�

= arg



min
bl∈�

�
dT

bl
R−1

bl
dbl

�−1
�

(25)

will be selected as the first band, denoted by b∗
l1 . Then,

the second band which yields the minimal variance again

b∗
l2 = arg



min

bl∈�−{bl1 } V(bl)
�

= arg



min
bl∈�−{bl1

}

�
dT

bl
R−1

bl
dbl

�−1
�

(26)

is then selected as the second band, b∗
l2 . The same process is

repeatedly over and over again by continuously adding one
new band at a time via repeatedly implementing (26). The
resulting algorithm is called SF-CTBS.

Now, if we consider a band as a feature vector, SFFS
developed in [28] can be used to develop an SFFS-based
band selection to augment bands to be selected one at a time
sequentially by (19) instead of ranking all bands by their
priority scores {V(bl)}L

l=1 as MinV-BP does. The resulting BS
is referred to as SF-CTBS.

SF-CTBS

1. Initial condition:
Let nBS be the number of bands needed to be selected,
which can be determined by a criterion such as virtual
VD.
Find

bl1 = arg
�

min
bl∈�

�
dT

bl
R−1

bl
dbl

�−1	
�1 = {bl1}. (27)

2. Band augmentation

bl j = arg



min
bl∈�c

j−1

�
dT

� j−1∪{bl }R
−1
� j−1∪{bl }d� j−1∪{bl }

�−1
�

(28)

where � j−1 = {bl1 , bl2 , . . . , bl j−1} and �c
j−1 =

� − � j−1.

3. If j < nBS,

� j = {bl1 , bl2 , . . . , bl j } = � j−1 ∪ {bl j } (29)

and go step 2. Otherwise, BS is terminated. The final
set of selected bands is given by the first selectednBS
bands, i.e., {bl1 , bl2 , . . . , blnBS

}.

It should be pointed out that SF-CTBS does not have to
run through all bands as MinV-BP does. It can terminate
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Fig. 1. (a) HYDICE panel scene which contains 15 panels. (b) Ground truth map of spatial locations of 19 R panel pixels. (c) Spectra of p1, p2, p3,
p4 and p5.

augmentation process as long as the number of bands to
selected, nBS is reached.

B. Sequential Backward-CTBS

In contrast to SF-CTBS we can also develop a sequential
backward search (SBS), which uses leave-one-out as a tech-
nique to select optimal feature vectors. The resulting BS is
called SB-CTBS.

More specifically, for each single band, say lth band, bl ,
we consider the band subset � − bl by removing bl from the
full band set � and then replace the full band set � used in
the CEM-produced variance (dT R−1d)−1 = (dT

�R−1
� d�)−1

with the single band � − bl to become V(� − bl) =
(dT

�−{bl }R
−1
�−{bl }d�−{bl })−1 which can be used as the priority

score assigned to the lth band, bl to rank the priority of bl .
In particular, the band which yields the maximal variance

b∗
l1 = arg



max
bl∈�

V(� − {bl})
�

= arg



max
bl∈�

�
dT

�−{bl }R
−1
�−{bl }d�−{bl }

�−1
�

(30)

will be selected as the first band, denoted by b∗
l1 to be the

most significant band since the variance in (30) produced
the maximal variance if b∗

l1 is removed from �. Now let

�1 = � − {bl1}. Then, the second band which yields the
maximal variance again

b∗
l2 = arg



min

�1−{bl }
V(�1 − bl)

�
= arg



min

�1−{bl }
�
dT

�1−{bl }R
−1
�1−{bl }d�1−{bl }

�−1
�

(31)

is then selected as the second band, b∗
l2 . The same process

is repeatedly over and over again by continuously removing
selected bands one at a time from the full band set �. The
resulting algorithm is called SB-CTBS.

It should be noted that SB-CTBS is different from SF-
CTBS in two different aspects. First of all, SB-CTBS removes
bands from unselected band sets to augment a desired selected
band subset according to (33) compared to SF-CTBS which
augments selected bands one at a time using (28). Second,
SB-CTBS uses the sample correlation matrix formed by data
sample vectors using all bands except the bands already
selected, R�−� j , while SF-CTBS only uses the selected bands
in � j to form the sample correlation matrix R�j . Nevertheless,
both SF-CTBS and SB-CTBS do not have to run through all
bands as MaxV-BP does. Their augmentation processes can
be terminated as long as the number of bands to selected, nBS
is reached.
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SB-CTBS

1. Initial condition:
Let nBS be the number of bands needed to be selected,
which can be determined by a criterion such as vir-
tual VD.
Find

bl1 = arg



max
bl∈�

�
dT

�−{bl }R
−1
�−{bl }d�−{bl }

�−1
�

�1 = {l1} (32)

2. Band Reduction

bl j = arg



max
bl∈�c

j−1

�
dT

�−(� j−1∪{bl })R
−1
�−(� j−1∪{bl })

× d�−(� j−1∪{bl })
�−1

�
(33)

where � j−1 = {bl1 , bl2 , . . . , bl j−1} and �c
j−1 = � −

� j−1.

3. If j < nBS,

� j = {bl1, bl2 , . . . , bl j } = � j−1 ∪ {bl j } (29)

and go step 2. Otherwise, BS is terminated. The final
set of selected bands is given by the first selected nBS
bands, i.e., {bl1, bl2 , . . . , blnBS

}.

VII. FUSION OF BANDS SELECTED FOR

MULTIPLE TARGETS BY CTBS

As noted, CTBS is particularly designed for target detection
with a desired target signature d being available by prior
knowledge. In order for CTBS to select bands for detection
of multiple targets, different target signatures must be used
to select different sets of bands. Consequently, a different
target signature will result in a different set of selected bands.
In addition, the number of selected bands, nBS will also vary
with the target signature d. For example, if there are a set of
p target signatures of interest, {d j }p

j=1, then CTBS must be
performed p times, one for each target of interest. As a result,
the number of selected bands, n j for each d j is different. So is
the set of selected bands for each d j , n j .

Generally, there two band fusions can be done naturally. Let
�

j
n j = {b j

1, b j
2, . . . , b j

ln j
} be band subsets generated by one of

two CEM-based BS techniques, SF-CTBS and SB-CTBS for
each of the desired signature {d j }p

j=1. In general, there are two
logic ways to fuse bands. One is to find the overlapped bands
by taking the intersection of {� j

n j }p
j=1, �̃

p
BS = �p

j=1 �
j
n j . The

main problem with this approach is that on many occasions
�̃

p
BS may be empty, i.e., �̃

p
BS = ∅. The other way is to find

the joint bands by taking the union of {� j
n j }p

j=1, i.e., �
p
BS =
p

j=1 �
j
n j . The main issue arising from this approach is that

�
p
BS may be too large in most cases.

A. Band Fusion for CTBS-Based Methods

In order to resolve the dilemmas described above, this
section presents a novel approach to fusing different sets of
bands selected for multiple targets by CTBS.

Assume that {� j
n j }p

j=1 are p band subsets, selected by a
CTBS-based method for each of {d j }p

j=1. The proposed idea

is to assign each selected band b j
lm in {� j

n j }p
j=1 a band count

denoted by n(b j
lm ), according to how frequently the band

appears in these p band subsets. More specifically, if a band,
b j

lm , is selected for q times with 1 ≤ q ≤ p, then its band

count n(b j
lm ) indicates that the band, b j

lm , is selected for q
targets among {d j }p

j=1. The higher the value of q , the more

significant is the band, b j
lm . There are two extreme cases. One

is the best scenario where q = p in which case the selected
band works for all p targets. The other is the worst scenario
where q = 1 in which case the selected band only works for
one particular target. Such fusion process is referred to band
fusion selection (BFS) and can be summarized as follows.

BFS

1. Let �
j
n j = {b j

1, b j
2, . . . , b j

ln j
} generated by an CEM-

based BS method for the desired target signature d j .
2. Find �

p
BS = 
p

j=1 �
j
n j . Let b j

lm be a band in �
j
n j with

1 ≤ lm ≤ ln j .

3. Calculate the frequency of each band b j
lm in �

p
BS by

n
�
b j

lm

� =
p�

k=1

I�k
nBS

(b j
lm ) (34)

where I�k
nBS

(b j
lm ) is an indicator function defined by

I�k
nk

�
b j

lm

� =
�

1; if b j
lm ∈ �k

nk

0; if b j
lm /∈ �k

nk

(35)

4. For 1 ≤ j ≤ p, 1 ≤ lm ≤ n j define the priority
probability of b j

lm as

p
�
b j

lm

� = n
�

b j
lm

	
�p

k=1
�

bk
ln

∈�k
nk

n
�
bk

ln

� (36)

5. Rank all the bands in �
p
BS according to their priority

probabilities {p(bk
ln )}

p,nk
k=1,n=1 calculated by (36), that is,

b j
lm � bk

ln ⇔ p
�
b j

lm

�
> p

�
bk

ln

�
(37)

where “A � B” indicates “A has a higher ranking

than B .” It should be noted when p(b j
lm ) = p(bk

ln ), b j
lm

and bk
ln have the same priority probability, in which case

the one yielding the higher priority for a particular target
signature will be selected.

B. Discussion on CTBS

As it is designed, CTBS is a BS approach to multiple target
detection. Since each target has different spectral characteris-
tics, it requires a different value of n j . How to determine the
number of bands, nBS, required for BS has been a long stand-
ing issue. A general approach is to use VD to determine, nBS.
However, it is by no means that VD is the only means to be
used for this purpose. There are also many methods available
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Fig. 2. CEM detection of 19 R panel pixels using 18 bands selected by (a) MinV-BP and (b) BF-MinV-BP in Table I.
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Fig. 3. CEM detection of 19 R panel pixels using 18 bands selected by (a) MaxV-BP and (b) BF-MaxV-BP in Table I.
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Fig. 4. CEM detection of 19 R panel pixels using 18 bands selected by (a) SF-CTBS and (b) BF-SF-CTBS in Table I.
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Fig. 5. CEM detection of 19 R panel pixels using 18 bands selected by (a) SB-CTBS and (b) BF-SB-CTBS in Table I.
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Fig. 6. CEM detection of 19 R panel pixels using 18 bands selected by (a) CBS and (b) UBS in Table I.

for VD estimation [1], [23], [29], [30], specifically, a review of
VD in [31] which provides useful information and guidelines.

Once the number of bands is determined for BS by such as
VD or nBS = max1≤ j≤p{n j }, we can select nBS bands from
{� j

n j }p
j=1 according to (42). When SF-CTBS is implemented

in the above BFS method, it is called BF-SF-CTBS. Similarly,
it is called BF-SB-CTBS if SB-CTBS is implemented in
conjunction with the BFS method.

Several comments are noteworthy.
1) As noted in CEM, the target signature d is a spec-

tral signature and is not necessary one of data sam-
ple vectors. It can be obtained by either a spectral
library/database or training sample vectors.

2) nBS can be determined by VD, in which case we assume
that the value of VD, nVD, is sufficiently large such that
nBS = nVD = max1≤ j≤p{n j }.

3) For the worse case, we can assume that nBS = L,
i.e., total number of bands. In this case, we can use
one of the four above CTBS methods to produce entire
bands prioritized by their corresponding prioritization
equations (19), (22), (28), and (33). Since these L
bands are prioritized, different target signatures will
select different numbers from these L prioritized bands
ranked in different orders. Then we can further use the
progressive band processing of CEM developed in [32]
to implement CEM for each d j to produce L-band
progressive profiles of CEM-detection maps for all target
signatures {d j }p

j=1 up to nBS = L. From these L-band
progressive profiles of CEM-detection maps, each d j

can determine its own n j by finding a band that has
insignificant changes in the CEM detection map. The
priority order assigned to this particular band will be n j .

VIII. REAL HYPERSPECTRAL IMAGE EXPERIMENTS

In this section an airborne hyperspectral digital imagery
collection experiment (HYDICE) scene shown in Fig. 1 was

used to demonstrate the utility of CTBS. The data were
collected in August 1995 from a flight altitude of 10 000 ft.
This scene has been studied extensively by many reports such
as [1], [23], [27], and [30].

There are 15 square panels in Fig. 1(b) with three different
sizes, 3 m × 3 m, 2 m × 2 m, and 1 m × 1 m, respectively.
Due to the ground sampling distance approximately 1.56 m the
each of panels in the first column except the first row contains
two panel pixels highlighted by red, p211, p221 in row 2, p311,
p312 in row 3, p411, p412 in row 4, p511, p521 in row 5 as
shown in Fig. 1. All the 11 remaining panels in Fig. 1 contain
one single panel pixel for each panel also highlighted by red,
p11, p12, p13 in row 1, p22, p23 in row 2, p32, p33 in row 3,
p42, p43 in row 4, p52, p53 in row 5. Therefore, there are a
total of 19 R panel pixels. Fig. 1(b) shows their precise spatial
locations with the pixels in yellow (Y pixels) indicating panel
pixels mixed with the BKG. Fig. 1(c) shows the five panel
spectral signatures, p1, p2, p3, p4, p5 obtained from Fig. 1(b),
where the i th panel signature, denoted by pi was generated
by averaging the red panel center pixels in row i . These panel
signatures will be used as desired target signatures for CTBS
to represent target knowledge of the panels in each row.

A. Experiments

The VD of this scene was estimated by the HFC method in
[23] and [33] as 9. However, it was demonstrated in [34], [35]
that 18 is a more appropriate value than 9. So, in the following
experiments, 18 was used as the number of bands to be
selected. Table I lists 18 bands selected by uniform band
selection (UBS), CBS [5], MinV-BP, MaxV-BP, SF-CTBS,
SB-CTBS, and their corresponding BFS methods where UBS
was selected because it is the simplest BS method and also
generally performs reasonably well. There are also two reasons
to choose CBS for comparison. The most important one is that
its designed rationale is also based on CEM. A second one is
that CBS was compared and shown to perform better than
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Fig. 7. CEM detection of 19 R panel pixels using 18 bands selected by MinV-BP, MaxV-BP, BF-MinV-BP, and BF-MaxV-BP in Table I. (a) 3-D ROC
curves and corresponding 2-D ROC curves for detection of panel pixels in row 1. (b) 3-D ROC curves and corresponding 2-D ROC curves for detection of
panel pixels in row 2. (c) 3-D ROC curves and corresponding 2-D ROC curves for detection of panel pixels in row 3. (d) 3-D ROC curves and corresponding
2-D ROC curves for detection of panel pixels in row 4. (e) 3-D ROC curves and corresponding 2-D ROC curves for detection of panel pixels in row 5.
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Fig. 7. (Continued.) CEM detection of 19 R panel pixels using 18 bands selected by MinV-BP, MaxV-BP, BF-MinV-BP, and BF-MaxV-BP in Table I.
(a) 3-D ROC curves and corresponding 2-D ROC curves for detection of panel pixels in row 1. (b) 3-D ROC curves and corresponding 2-D ROC curves for
detection of panel pixels in row 2. (c) 3-D ROC curves and corresponding 2-D ROC curves for detection of panel pixels in row 3. (d) 3-D ROC curves and
corresponding 2-D ROC curves for detection of panel pixels in row 4. (e) 3-D ROC curves and corresponding 2-D ROC curves for detection of panel pixels
in row 5.
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Fig. 7. (Continued.) CEM detection of 19 R panel pixels using 18 bands selected by MinV-BP, MaxV-BP, BF-MinV-BP, and BF-MaxV-BP in Table I.
(a) 3-D ROC curves and corresponding 2-D ROC curves for detection of panel pixels in row 1. (b) 3-D ROC curves and corresponding 2-D ROC curves for
detection of panel pixels in row 2. (c) 3-D ROC curves and corresponding 2-D ROC curves for detection of panel pixels in row 3. (d) 3-D ROC curves and
corresponding 2-D ROC curves for detection of panel pixels in row 4. (e) 3-D ROC curves and corresponding 2-D ROC curves for detection of panel pixels
in row 5.

many other BS methods in [5] in which case there are no
need to include other methods here for comparison as long
as we can show that CTBS indeed performs better than CBS,
which is the case according to Tables II–IV.

Figs. 2(a), 3(a), 4(a), and 5(a) show detection results of
CEM using 18 bands selected in Table I by four CTBS-based
methods, MinV-BP, MaxV-BP, SF-CTBS, and SB-CTBS while
each of p1, p2, p3, p4, p5 was used to select bands to detect
panel pixels in row 1–row 5. Figs. 2(b), 3(b), 4(b), and 5(b)
also show detection results of CEM using 18 bands selected
in Table I by four BFS-CTBS methods, BF-MinV-BP,
BF-MaxV-BP, BF-SF-CTBS, and BF-SB-CTBS which used
fused bands selected by MinV-BP, MaxV-BP, SF-CTBS, and
SB-CTBS to detect panel pixels in row 1–row 5. For a further
comparison, CBS and UBS were also implemented using
18 bands and their results were shown in Fig. 6(a) and (b).

Since the panels in rows 2 and 3 were made by the same
material and painted by slightly different colors. As expected,
detecting panels in row 2 will be very likely also to detect
panels in row 3 and vice versa. This was indeed the case
in our experiments and so was the detection of panels in
rows 4 and 5 since the panels in rows 4 and 5 were made
by the same material and painted by slightly different colors.
According to visual inspection of Figs. 2–6, it is difficult to

see which one would produce best results since there was
not much appreciable difference to make a call. Nevertheless,
it seemed that the CEM detection results using bands selected
by particular signatures were generally not as good as the
results produced by their fusion counterparts.

B. 3-D ROC Analysis

Since Figs. 2–6 only provide qualitative analysis, to fur-
ther evaluate detection performance of Figs. 2–6, the 3-D
receiver operating characteristic (ROC) analysis developed
in [1], [36], and [37] was used for detection analysis where a
3-D ROC curve is a plot specified by three parameters, detec-
tion probability (PD), false alarm probability (PF), the thresh-
old τ that is used to calculate PD and PF. This 3-D ROC curve
can be used to generate three types of 2-D ROC curves, i.e.,
2-D ROC curve of (PD,PF), 2-D ROC curve of (PD, τ ),
and 2-D ROC curve of (PF, τ ). Figs. 7 and 8 show 3-D
ROC curves along with their corresponding three 2-D ROC
curves of detections of 19 R panel pixels in five rows
in Fig. 1(b) produced by CEM using 18 bands selected by four
CTBS-BP based methods, MinV-BP, MaxV-BP, BF-MinV-BP,
and BF-MaxV-BP in Tables I and IV and CTBS-BS based
methods, SF-CTBS, SB-CTBS, BF-SF-CTBS, BF-SB-CTBS,
CBS, and UBS in Table I, respectively.
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Fig. 8. CEM detection of 19 R panel pixels using 18 bands selected by SF-CTBS, SB-CTBS, BF-SF-CTBS, BF-SB-CTBS, CBS, and UBS in Table I.
(a) 3-D ROC curves and corresponding 2-D ROC curves for detection of panel pixels in row 1. (b) 3-D ROC and corresponding 2-D ROC curves for detection
of panel pixels in row 2. (c) 3-D ROC curves and corresponding 2-D ROC curves for detection of panel pixels in row 3. (d) 3-D ROC curves and corresponding
2-D ROC curves for detection of panel pixels in row 4. (e) 3-D ROC cures and corresponding 2-D ROC curves for detection of panel pixels in row 5.
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Fig. 8. (Continued.) CEM detection of 19 R panel pixels using 18 bands selected by SF-CTBS, SB-CTBS, BF-SF-CTBS, BF-SB-CTBS, CBS, and UBS
in Table I. (a) 3-D ROC curves and corresponding 2-D ROC curves for detection of panel pixels in row 1. (b) 3-D ROC and corresponding 2-D ROC curves
for detection of panel pixels in row 2. (c) 3-D ROC curves and corresponding 2-D ROC curves for detection of panel pixels in row 3. (d) 3-D ROC curves
and corresponding 2-D ROC curves for detection of panel pixels in row 4. (e) 3-D ROC cures and corresponding 2-D ROC curves for detection of panel
pixels in row 5.
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Fig. 8. (Continued.) CEM detection of 19 R panel pixels using 18 bands selected by SF-CTBS, SB-CTBS, BF-SF-CTBS, BF-SB-CTBS, CBS, and UBS
in Table I. (a) 3-D ROC curves and corresponding 2-D ROC curves for detection of panel pixels in row 1. (b) 3-D ROC and corresponding 2-D ROC curves
for detection of panel pixels in row 2. (c) 3-D ROC curves and corresponding 2-D ROC curves for detection of panel pixels in row 3. (d) 3-D ROC curves
and corresponding 2-D ROC curves for detection of panel pixels in row 4. (e) 3-D ROC cures and corresponding 2-D ROC curves for detection of panel
pixels in row 5.

As shown in Figs. 7 and 8, it is very difficult to see
performance difference among different CTBS-BP and CTBS-
BS methods from the traditional 2-D ROC curves of (PD, PF).
However, the other 2-D ROC curves of (PD, τ ) and (PF, τ )
did provide very useful information as the threshold τ varies.
Specifically, the 2-D ROC curves of (PF, τ ) can be used to
evaluate CEM in the BKG suppression.

It is very obvious that the visual inspection of Figs. 2–6
did not tell the whole story since BKG suppression is a key
issue in image analysis. It is noted that BKG suppression plays
a significant role in progressive target detection in [27] and
real-time target detection in [38], and [39]. Similarly, the same
issue of BKG suppression is encountered in progressive anom-
aly detection [40] and real-time anomaly detection [41], [42].
This is because anomaly detection also uses the inverse of the
sample correlation matrix, i.e., R−1, as CEM does to suppress
BKG. Such issue of BKG suppression has been discussed in
great detail in [27, Ch. 5]. Accordingly, BKG suppression
should be included to account for the performance of target
detection. Apparently, plots of PD versus PF used by the
traditional ROC analysis cannot address this issue. Fortunately,
a 3-D ROC analysis allows users to generate 2-D ROC curve
of PD versus τ , 2-D ROC curve of PF versus τ , and 2-D
ROC curve of PD versus PF, all of which can be jointly
used to evaluate detection performance. Specifically, the

2-D ROC curve of PF versus τ is particularly designed to
assess the impact of BKG suppression on target detection.
Fig. 7(a)–(d) shows 3-D ROC curves in Fig. 7(a), 2-D ROC
curves of PD versus τ in Fig. 7(b), 2-D ROC curves of PF
versus τ in Fig. 7(c), and 2-D ROC curves of PD versus PF
in Fig. 7(d) produced by the results in Figs. 2 and 3. Similarly,
Fig. 8(a)–(d) also shows 3-D ROC curves in Fig. 8(a), 2-D
ROC curves of PD versus τ in Fig. 8(b), 2-D ROC curves of
PF versus τ in Fig. 8(c), and 2-D ROC curves of PD versus
PF in Fig. 8(d) produced by the results in Figs. 4–6.

In order to further conduct a quantitative study, Tables II–IV
calculate the area under curve (AUC) of the three types of 2-D
ROC curves of (PD, PF), (PD, τ ), and (PF, τ ), respectively,
where best results are boldfaced. In other words, the better the
detection, the higher the AUC value of (PD, PF), the higher
the AUC value of (PD, τ ), and the smaller the AUC value
of (PF, τ ). Due to limited space, the figures showing the
CEM detection results using nine bands from Table I are
not included here, but their AUC results are included in
Tables II–IV for comparison. Since the bands in Table I were
selected sequentially, the nine bands used by CTBS were
simply to select the first nine bands in Table I to produce
results. In addition, the last column in Tables II–IV also
calculated the averaged AUC of panels in the five rows using
selected 9 and 18 bands for comparison.
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TABLE I

18 BANDS PRIORITIZED BY BF-MINV-BP, BF-MAXV-BP, BF-MINV-BP, AND BF-MAXV-BP, AND 18 BANDS
SELECTED BY UBS, SF-CTBS, SB-CTBS, BF-SF-CTBS, AND BF-SB-CTBS

TABLE II

AUC OF (PD, PF) FOR CEM DETECTION RESULTS USING 9 AND 18 BANDS PRIORITIZED BY MINV-BP, BF-MINV-BP, MAXV-BP, AND BF-MAXV-BP,
AND SELECTED BY SF-CTBS, BF-SF-CTBS, SB-CTBS, AND BF-SB-CTBS ALONG WITH 9 AND 18 BANDS BY CBS AND UBS

C. Results and Discussion
Many intriguing findings can be observed from

Tables II–IV.

1) First of all, by examining Tables II–IV, it is very obvious
that the AUC values in Table II based on 2-D ROC
curves of (PD, PF) were always nearly one which shows



6098 IEEE TRANSACTIONS ON GEOSCIENCE AND REMOTE SENSING, VOL. 57, NO. 8, AUGUST 2019

TABLE III

AUC OF (PD, τ ) FOR CEM DETECTION RESULTS USING 9 AND 18 BANDS PRIORITIZED BY MINV-BP, BF-MINV-BP, MAXV-BP, AND BF-MAXV-BP,
AND SELECTED BY SF-CTBS, BF-SF-CTBS, SB-CTBS, AND BF-SB-CTBS ALONG WITH 9 AND 18 BANDS BY CBS AND UBS

perfect detection. However, the AUC results calculated
from the 2-D ROC curves of (PD, τ ) show otherwise
with detection rates well below 0.5 and best values
around 0.7. This is true if we visually inspect the results
in Figs. 2–6. The results shown in Tables II–IV provide
evidence that the traditional measure using 2-D ROC
curve of (PD, PF) to evaluate detection performance is
not reliable and could be misleading since it only tells
half of a story in detection performance analysis.

2) As shown in Table III, the detection results were not
good. This is primarily due to the fact that the spectral
signatures of panel pixels in rows 2 and 3, p2 and p3
are very close. So, using either panel signature would
detect panel pixels in both rows as illustrated in Figs.
2–6. Similarly, the spectral signatures of panel pixels in
rows 4 and 5, p4 and p5 are also very close. So, detecting
panel pixels in one row will also detects panel pixel in
the other row.

3) To evaluate BKG suppression, a best way is suggested
to visually inspect the results in Figs. 2–6 in conjunction
with comparison of the AUC values in Table IV since
the AUC value calculated from 2-D ROC curve of
(PF, τ ) reflects the degree of BKG suppression. That
is, the smaller the AUC value of 2-D ROC curve of
(PF, τ ), the better is the BKG suppression. For example,
the best performance of CEM using p1 as the desired

target signature to detect the panel pixels in row 1 was
SF-CTBS which yielded the smallest value of AUC
value of 2-D ROC curve of (PF, τ ), 0.041 among all
other AUC values. If we examine the top row of Fig. 4(a)
produced by SF-CTBS, its p1-detection map was very
clean compared to p1-detection map produced by other
BS methods. Due to the lack of prior knowledge on
BKG, it is crucial to include the detection maps in
Figs. 2–6 for visual inspection. Unfortunately, the BKG
suppression issue has been overlooked in the traditional
2-D ROC analysis.

4) As expected, BF–BS methods may not be the best in
detecting individual panel pixels but generally work
reasonably well over all the panel pixels.

5) The band fusion results using nine bands were gener-
ally better than their corresponding counterparts using
18 bands. However, the conclusions are reversed for
using individual bands without fusion. That is, for
individual target, signature results using 18 bands were
generally better than those using nine bands for all test
BS methods. This makes sense. Since the band fusion
methods integrate bands from different BS methods,
the number of bands is expected to be smaller.

6) Although the TI and TE scenarios designed in
[1], [43], and [44] can also be used for experiments
with complete ground truth of simulated panel pixels,
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TABLE IV

AUC OF (PF, τ ) FOR CEM DETECTION RESULTS USING 9 AND 18 BANDS PRIORITIZED BY MINV-BP, BF-MINV-BP, MAXV-BP, AND BF-MAXV-BP,
AND SELECTED BY SF-CTBS, BF-SF-CTBS, SB-CTBS, AND BF-SB-CTBS ALONG WITH 9 AND 18 BANDS BY CBS AND UBS

the results are nearly perfect and not very interesting
for analysis. Accordingly, their results are not included
here. On the other hand, HYDICE data set provides
precise knowledge of panel pixels in Fig. 1(b). Such
ground truth can be used for verification and validation.
To the authors’ best knowledge, this scene may be one
of the best data sets that can be used to evaluate the
effectiveness of target detection.

7) Finally, a remark on the data sets used in this paper is
noteworthy. Although there are many real data sets that
can be used for experiments, a major issue in using these
data sets is no availability of complete ground truth for
fact validation. For example, three well-known data sets,
Purdue’s Indian Pines, Salinas, and University of Pavia
available on the website http://www.ehu.eus/ccwintco/
index.php?title=Hyperspectral_Remote_Sensing_Scenes
have been widely used for hyperspectral image clas-
sification but not target detection. As pointed out
above, the BKG suppression is a serious issue in target
detection. It is our belief that many targets of interest
in these three scenes are indeed in the BKG [31] which
cannot be provided by ground truth. So, using these
image scenes for target detection is not appropriate.

IX. CONCLUSION

This paper develops a new approach to BS for multiple-
target detection, called CTBS. It first specifies a target

signature of interest, d and then constrains d to minimize
the variance caused by other signal sources via an FIR filter.
The resulting variance is further used as a measure to select
bands. Two types of CTBS can be derived. One is to use
the CEM-produced variance to design two CTBS-based BP
criteria, called MinV-BP and MaxV-BP. The other is to use the
CEM-produced variance to derive two band-searching algo-
rithms to select bands, called SF-CTBS and SB-CTBS. Since
CTBS is developed for multiple target detection, a different
target may result in a different set of selected bands. In order
to fuse different sets of bands selected by multiple targets,
a novel idea is also further developed to fuse bands selected
by different targets so that a fixed set of selected bands can
be found via the proposed BFS method to work for all targets
for multiple-target detection. Despite that CTBS also takes
advantage of the idea of CEM, it is indeed quite different from
the CEM-based BS, CBS [5] in several perspectives which can
be considered as main contributions of this paper. One is that
CTBS is designed to constrain targets of interest using partial
band subsets compared to CBS which only constrains bands of
interest. As a result, CTBS takes care of both targets of interest
and selected bands, whereas CBS only deals with bands.
Another is that the sample correlation matrix R used by CTBS
varies with selected bands, �BS as opposed to the R used by
CBS which is fixed. A third one is that the computational
cost required by CTBS is determined by number of selected
bands, nBS, while the computing time required by CBS is
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determined by the size of the hyperspectral image cube to
be processed. As a result, the computing time for CBS is
significantly increased as an image size grows. A fourth one is
that CTBS provides crucial information about selected bands
that are significant in target detection, which CBS cannot.
A fifth one is that the band number, nBS and the set of selected
bands, �BS selected by CTBS vary with different desired
target signatures determined by specific applications, whereas
CBS produces the same set of selected bands regardless of
applications. Accordingly, a new fusion BS, BFS, is also
developed for CTBS, which is not needed for CBS. Finally,
the most and foremost is the derivation of Theorem 1 for CTBS
which does not exist in CBS but is vital to CTBS.

To conclude this paper, two remarks are particularly
noteworthy.

1) One is to extend CTBS for multiple-target detection to
multiple-class classification. In fact, an idea similar to
constraining multiple targets can also be investigated
for constraining multiple classes for classification [45].
However, such an extension is by no means trivial.
This is because CEM only works for target detection
and is no longer applicable to multiclass classification.
In this case, LCMV developed in [22], [23], and [25]
must be used for this purpose. The work in [45] can be
considered as a companion paper to this paper to form a
nice pair of constrained-target detection and constrained-
multiple-class classification approaches to BS. However,
it should be noted that there are several key differences
between [45] and this paper. First of all, CTBS uses
CEM as a detector to select different band subsets for
each of targets of interest in target detection, while
reference [45] uses LCMV as a classifier to select
bands for all classes in classification. As a result, CTBS
requires BFS to fuse band subsets produced by different
targets, while reference [45] does not since it produces
its band subset for all classes. This is because CEM can
detect one target at a time so as to achieve multiple-
target detection. In addition, Theorem 1 derived in this
paper shows that the work in [26] is its special case but
is different from [45, Th. 1]. Finally, the experiments are
completely different. The data sets used in [45] cannot
be used for target detection.

2) In a future development of hyperspectral imaging in
space BS along with progressive/real-time hyperspectral
image processing will play a major role in hyperspectral

data communication and transmission. The CTBS devel-
oped in this paper can be implemented in conjunction
with recently developed hyperspectral imaging tech-
niques in [27] and [30] for these applications.

APPENDIX

Proof of Theorem 1: For simplicity of notation, we assume
that �k = {b1, b2, . . . , bk} without loss of generality. Also let
the total number of data sample vectors be {r(k)

i }N
i=1 using k

bands with r(k)
i = (r (k)

i1 , r (k)
i2 , . . . , r (k)

ik )T . Let the data matrix
be denoted by

Xk = [r(k)
1 r(k)

2 . . . r(k)
N ] =

⎡
⎢⎢⎢⎣

r11 r21 · · · rN1
r12 r22 · · · rN2
...

...
. . .

...
r1k r2k · · · rNk

⎤
⎥⎥⎥⎦

using k bands. Then, the data matrix using (k + 1) bands is
given by

Xk+1 =

⎡
⎢⎢⎢⎢⎢⎣

r11 r21 · · · r(N−1)1 rN1
r12 r22 · · · r(N−1)2 rN2
...

...
. . .

...
...

r1k r2k · · · r(N−1)k rNk

r1(k+1) r2(k+1) · · · r(N−1)(k+1) rN(k+1)

⎤
⎥⎥⎥⎥⎥⎦

=
�

Xk

rT (k + 1)

�
(A1)

where r(k + 1) = (r1(k+1), r2(k+1), . . . , rN(k+1))
T . Let R�k =

(1/N)
�N

i=1 (r(k)
i (r(k)

i )T ) = (1/N)XkXT
k . We have

R�k∪{bk+1}

= 1

N

�
Xk

rT (k + 1)

� �
XT

k r(k + 1)
�

= 1

N

�
XkXT

k Xkr(k + 1)

rT (k + 1)XT
k rT (k + 1)r(k + 1)

�

=
�

R�k (1/N)Xkr(k + 1)

(1/N)rT (k + 1)XT
k (1/N)rT (k + 1)r(k + 1)

�
. (A2)

Using the following matrix identity in [1] and [39]:�
UT U UT d
dT U dT d

�−1

=
�

(UT U)−1 + βU#ddT (U#)T −βU#d
−βdT (U#)T β

�
(A3)

R−1
�k∪{bk+1} = 1

N

�
NR�k Xkr(k + 1)

rT (k + 1)XT
k rT (k + 1)r(k + 1)

�−1

= 1

N

�
N−1R−1

�k
+ β

�
XT

k

�#r(k + 1)rT (k + 1)X#
k

�
XT

k

�#r(k + 1)

rT (k + 1)X#
k β

�

(A4)

N−1dT
�k∪{bk+1}R

−1
�k∪{bk+1}d�k∪{bk+1} = �

dT
k dk+1

� �
N−1R−1

�k
+ β

�
XT

k

�#r(k + 1)rT (k + 1)X#
k −β

�
XT

k

�#r(k + 1)

−βrT (k + 1)X#
k β

� �
dk

dk+1

�

= N−1dT
k R−1

�k
dk + βdT

k

�
XT

k

�#r(k + 1)rT (k + 1)X#
kdk − 2βdk+1rT (k + 1)X#

kdk + d2
k+1β

= N−1dT
k R−1

�k
dk + β

�
dT

k

�
XT

k

�#r(k + 1) − dk+1
�2

> N−1dT
k R−1

�k
dk (A5)
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with U = XT
k and d = r(k + 1), we can derive, (A4), as

shown at the bottom of the previous page, where (XT
k )# =

(XkXT
k )−1XT

k and β = (rT (k +1)(I−XT
k (XT

k )#)r(k +1))−1 =
(rT (k + 1)P⊥

XT
k

r(k + 1))−1 due to the fact that P⊥
XT

k
= I −

XT
k (XT

k )# is idempotent, i.e., (P⊥
XT

k
)2 = P⊥

XT
k

.

Using (A4) and letting dT
�k∪{bk+1} = � dk

dk+1

�
and dk =

(d1, d2, . . . , dk)
T , we can derive, (A5), as shown at the bottom

of the previous page. Since [dT
k (XT

k )#r(k + 1) − dk+1]2 > 0
and β > 0, the second term, β[dT

k (XT
k )#r(k + 1)−

dk+1]2 > 0. Therefore, (14) is proven. QED
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